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Abstract
We get some sets of pairwise incomparable weak p-points in βτ which have additional properties.
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1. Introduction
We consider some subsets of τ ∗ = βτ \τ consisting of points which are, on the one hand,
weak p-points and, on the other hand, pairwise incomparable under the Rudin–Keisler
order.
The first construction of incomparable weak p-points in τ ∗ was obtained, using
independent families, by Kunen [7], then he proved [8] the existence of 2ω pairwise
incomparable c-OK-points in βω.
In the boundary of the union of disjoint clopen subsets of τ ∗ we construct, using
independent matrices, some weak p-points which are not “remote” from some sets and
are “remote” from others.
Theorem 3.1 contains results in this direction.
2. Preliminaries
We denote by α, β , τ , ω ordinal (cardinal) numbers and also discrete spaces of the
corresponding cardinality. By [A] we denote the closure of a set A. By βτ we mean
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the ˇCech–Stone compactification of the discrete space τ , U(τ) is the set of all uniform
ultrafilters on τ .
For a mapping f : τ→ τ , βf :βτ→ βτ is the ˇCech–Stone extension of f .
We denote subsets of τ by u, v, p and so on, and if u⊆ τ then U = [u]βτ ∩ τ ∗.
Recall that a point x ∈ X is called a weak p-point if x /∈ [A]X \ A for every countable
A⊆X.
We denote:
Mτ =⋃{uα : α ∈ τ }—the union of disjoint subsets of τ , |uα| = τ ;
M ′τ =
⋃{Uα : α ∈ τ };
M˜τ = [⋃{Uα: α ∈ τ }]τ∗ \M ′τ .
Recall some definitions and facts.
Definition 2.1 [2,8]. An indexed family {aαβ : α ∈ I , β ∈ J } of subsets of τ is called an
independent I -J matrix on τ if:
(a) for every n ∈ ω, distinct α1, . . . , αn and all β1, . . . , βn∣∣∣⋂{aαiβi : i 6 n}∣∣∣= τ ;
(b) if β1, β2 ∈ J are distinct and α ∈ I then |aαβ1 ∩ aαβ2 |<ω.
We consider here independent 2τ -τ matrices for τ > ω and assume that they have the
following property:
(b′) if β1, β2 ∈ J are distinct and α ∈ I then aαβ1 ∩ aαβ2 = ∅.
For a construction of 2τ -τ matrices see also [4].
Definition 2.2 [3,4]. A point ξ ∈ τ ∗ = βτ \ τ is called a matrix point for an independent
I -J matrix {aαβ : α ∈ I , β ∈ J } if for any sequence Γ = {Ui : i ∈ ω} of neighborhoods of ξ
in τ ∗ there is B(Γ )⊆ I , |B(Γ )|< |I |, such that
ξ ∈
[⋃
{Aαiβi ∩Ui : i ∈ ω}
]
,
where {αi : i ∈ ω} ⊆ I \B(Γ ) are distinct and {βi : i ∈ ω} ⊆ J .
The existence of matrix points for an independent I -J matrix was proved in [3,4].
Note that a matrix point for an independent 2ω-2ω matrix on ω and a matrix point for
an independent 2τ -τ matrix on τ , τ > ω, are weak p-points.
Definition 2.3. We say that a family λ= {C} of subsets of τ ∗ agrees with an independent
I -J matrix {Aαβ : α ∈ I , β ∈ J } if for every n ∈ ω, distinct α1, . . . , αn, all β1, . . . , βn and
a finite λ′ ⊆ λ the following is true:(⋂
{C: C ∈ λ′}
)
∩ {Aαiβi : i 6 n} ∩U(τ) 6= ∅.
Theorem 2.4 [1,5]. There is a set F ⊆ ω∗ with the following properties:
(1) F has countable Souslin number;
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(2) for every m ∈ ω there is a family λm = {V } of clopen subsets of ω∗ such that:
(2a) for every countable A⊆ ω∗ there is V ∈ λm such that A∩ V = ∅;
(2b) for every m sets V1, . . . , Vm ∈ λm
F ∩
(⋂
{Vj : j 6m}
)
6= ∅.
The Rudin–Keisler preorder [9] 6 on ultrafilters means the following: ξ 6 ζ for
ξ, ζ ∈ βτ iff there is a mapping f : τ→ τ such that ξ = βf (ζ ).
Theorem 2.5 [6]. For every independent 2τ -J matrix (|J | > 2) there are at least 2τ
pairwise incomparable matrix points in U(τ).
Recall also a notation which we will use as well as its modifications.
Definition 2.6 [8]. A family λ = {a} of subsets of ω is called precisely n-linked if,
for every λ′ ⊆ λ such that |λ′| 6 n, |⋂{a: a ∈ λ}| = ω, but, for every λ′ ⊆ λ such that
|λ′| = n+ 1, |⋂{a: a ∈ λ′}|<ω.
3. Main result
We construct some points in M˜τ which are not “remote” from some subsets of M ′τ and
are “remote” from others. Here, as above,
Mτ =⋃{uα : α ∈ τ }—the union of disjoint subsets of τ , |uα| = τ ;
M ′τ =
⋃{Uα : α ∈ τ };
M˜τ = [⋃{Uα: α ∈ τ }]τ∗ \M ′τ .
Theorem 3.1. In M˜τ ∩U(τ), where τ > ω, there are:
(1) 2τ pairwise incomparable points ξ , which are weak p-points, such that ξ /∈
[⋃{Fγ : γ ∈ τ }]τ∗ if Fγ ⊆Uγ and c(Fγ )6 ω;
(2) 2τ pairwise incomparable points ξ , which are weak p-points, such that ξ ∈
[⋃{Fγ : γ ∈ τ }]τ∗ for some {Fγ : γ ∈ τ }, where Fγ ⊆ Uγ and c(Fγ ) = ω, but
ξ /∈ [⋃{Eγ : γ ∈ τ }]τ∗ if Eγ ⊆Uγ and |Eγ |6 ω;
(3) 2τ pairwise incomparable points ξ , which are weak p-points, such that ξ ∈
[⋃{Fγ : γ ∈ τ }]τ∗ for some {Fγ : γ ∈ τ }, where Fγ ⊆ Uγ and |Fγ | = ω, but
ξ /∈ [⋃{Eγ : γ ∈ τ }]τ∗ if Eγ ⊆Uγ and |Eγ |<ω;
(4) 2τ pairwise incomparable points ξ , which are weak p-points, such that ξ ∈
[⋃{Fγ : γ ∈ τ }]τ∗ for some {Fγ : γ ∈ τ }, where Fγ ⊆ Uγ and |Fγ | < ω, but
ξ /∈ [⋃{Eγ : γ ∈ τ }]τ∗ if Eγ ⊆Uγ and |Eγ | = 1;
(5) 2τ pairwise incomparable points ξ , which are weak p-points, such that ξ ∈
[⋃{Fγ : γ ∈ τ }]τ∗ for some {Fγ : γ ∈ τ }, where Fγ ⊆Uγ and |Fγ | = 1.
The proof of Theorem 3.1 consists of two parts. First we construct suitable independent
matrices, and then, by the use of these matrices, we prove the theorem.
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4. Some independent matrices
In this section we construct some independent matrices which enable to get some matrix
points.
Throughout the section let
M = {aαβ : α ∈ 2τ , β ∈ τ}
be an independent matrix on τ such that aαβ1∩aαβ2 = ∅ for all α ∈ τ and distinct β1, β2 ∈ τ
(see Definition 2.1), and
B = {bj : j ∈ ω}
be a system of subsets of τ with the following properties:
– B agrees with the matrix M (see Definition 2.3);
– |bj+1 \ bj | = τ ;
–
⋂{bj : j ∈ ω} = ∅.
We can get such a system in the following way. Fix a countable set {aαkβk : k ∈ ω} of
elements of M , where {αk: k ∈ ω} are distinct, and let bj =⋂{aαkβk : k 6 j }. Then put
B = {bj : j ∈ ω}. We may assume that⋂
{bj : j ∈ ω} =
⋂
{aαkβk : k ∈ ω} = ∅.
For the matrix M = {aαβ : α ∈ 2τ , β ∈ τ } and Mτ =⋃{uγ : γ ∈ τ } define a matrix
M ′ = {a′αβ : α ∈ 2τ , β ∈ τ},
where a′αβ =
⋃{uγ : γ ∈ aαβ}.
The matrix M ′ is also an independent 2τ -τ matrix.
Let σ = {o} be a family of subsets of τ such that the system {[o]βτ } is a base for the
set M˜τ in βτ and σ ′ = {oα: α ∈ 2τ } be a system such that every oα ∈ σ ′ is one of o ∈ σ
and |{α: oα = o}| = 2τ for every o ∈ σ . Now define
M̂ = {aˆαβ : α ∈ 2τ , β ∈ τ}
where aˆαβ = a′αβ ∩ oα , and let M̂ ′ = {Âαβ : α ∈ 2τ , β ∈ τ } where Âαβ = [aˆαβ ]βτ ∩ τ ∗.
Note that, by the construction of σ ′ = {oα: α ∈ 2τ }, we have ⋂{[aˆα]βτ : α ∈ 2τ } = M˜τ
where aˆα =⋃{aˆαβ : β ∈ τ }.
4.1. An independent matrix M1
For every γ ∈ τ and n ∈ ω we construct a family ϕγ = {vγ }, |ϕγ | = τ , in the following
way. Let Tγ = {tαβ : α ∈ 2τ , β ∈ τ } be some independent 2τ -τ matrix on uγ . Fix n indices
α1, . . . , αn. Let ϕγ consist of sets of the form⋃
{tαiβi : i 6 n}.
Denote these sets from ϕγ as vγ . So, ϕγ = {vγ }.
Note that ϕγ has the following properties:
(11) ϕγ is a precisely n-linked system;
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(21) for every set Eγ ⊆Uγ , where Uγ = [uγ ]βτ ∩τ ∗ and c(Eγ )6 ω, there is a vγ ∈ ϕγ
such that Eγ ∩ V γ = ∅ where V γ = [vγ ]βτ ∩ τ ∗.
For every γ ∈ τ we can choose n such that every bj ∈ B consists of γ ∈ τ for which
n> j .
Let ψ = {h} where h ∈ ψ are sets of the form
h=
⋃
{vγ : vγ ∈ ϕγ , γ ∈ τ }.
And let ψ ′ = {hα: α ∈ 2τ } where every hα is one of h ∈ ψ and |{α: hα = h}| = 2τ for
every h ∈ψ . Define
M1 =
{
a′′αβ : α ∈ 2τ , β ∈ τ
}
,
where
a′′αβ = aˆαβ ∩ hα.
The matrix M1 = {a′′αβ : α ∈ 2τ , β ∈ τ } has the following properties:
(31) M1 is an independent 2τ -τ matrix;
(41)
⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩Φ1, where A′′α =⋃{A′′αβ = [a′′αβ]βτ ∩ τ ∗: β ∈ τ } and
Φ1 =
⋂{[hα]βτ : α ∈ 2τ} ∩ τ ∗.
4.2. An independent matrix M2
For every γ ∈ τ and n ∈ ω, let us consider a set Fγ ⊆ Uγ = [uγ ]βτ ∩ τ ∗ and a family
ϕγ = {v}, where v ⊆ uγ , with the following properties:
(12) Fγ has countable Souslin number;
(22) ϕ′γ = {V }, where V = [v]βτ ∩ τ ∗, is n-linked with Fγ , that is, for every n sets
V1, . . . , Vn ∈ ϕγ
Fγ ∩
(⋂
{Vj : j 6 n}
)
6= ∅;
(32) for every countable set D ⊆Uγ there is V ∈ ϕ′γ such that D ∩ V = ∅.
The existence of such Fγ and ϕγ = {v} follows from Theorem 2.4. Moreover, for
every γ ∈ τ we can choose n ∈ ω such that every bj ∈ B is the set of γ ∈ τ for which
n > j . Let λγ = {G} be a base for Fγ in Uγ consisting of clopen subsets of Uγ , and
let ϕ′′γ = {Pγ = V ∩ G: V ∈ ϕ′γ , G ∈ λγ }. For every Pγ ∈ ϕ′′γ fix pγ ⊆ uγ such that
[pγ ]βτ ∩ τ ∗ = Pγ .
Let ψ = {h} be the family of sets h of the form
h=
⋃{
pγ : γ ∈ τ}.
Let also ψ ′ = {hα: α ∈ 2τ }, where every hα is one of the sets h ∈ ψ and |{α: hα = h}| = 2τ
for every h ∈ ψ . Put
M2 =
{
a′′αβ : α ∈ 2τ , β ∈ τ
}
,
where a′′αβ = aˆαβ ∩ hα .
The matrix M2, by construction, has the following properties:
(42) M2 is an independent 2τ -τ matrix;
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(52)
⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩Φ2, where A′′α =⋃{A′′αβ = [a′′αβ]βτ ∩ τ ∗: β ∈ τ } and
Φ2 =
[⋃
{Fγ : γ ∈ τ }
]
τ∗
.
4.3. An independent matrix M3
For every γ ∈ τ let {wi : i ∈ ω} be a countable disjoint system of infinite subsets of uγ ,
and fix a point xi ∈Wi = [wi]βτ ∩ τ ∗.
Let Fγ = {xi : i ∈ ω}. For every γ ∈ τ and n ∈ ω we can construct a family ϕγ = {v} of
subsets of uγ such that:
(13) |ϕγ | = 2τ ;
(23) ϕγ = {v} is n-linked with Fγ , that is, |(⋂{[v]βτ : v ∈ ϕ′}) ∩ Fγ | = ω for every
ϕ′ ⊆ ϕ, |ϕ′|6 n.
We construct ϕ = {v} in the following way. Let µ= {tν : ν ∈ τ } be a precisely n-linked
system of subsets of ω. For every tν define a set
v =
⋃
{wi : i ∈ tν}.
Let
ϕγ = {v}
and ϕ′′γ = {V }, where V = [v]βτ ∩ τ ∗.
Moreover, for every γ ∈ τ we can choose n ∈ ω such that every bj ∈ B is the set of
γ ∈ τ for which n> j .
Add to ϕγ the family of complements to uγ of all finite unions of sets {wi : i ∈ ω} and
all subsets of uγ whose closure in βτ contains Fγ . As a result, we get a family ϕ′γ = {pγ }.
Note that
(33) if Eγ ⊆Uγ is a finite set then there is pγ ∈ ϕ′γ such that Eγ ∩ [pγ ]βτ = ∅.
Let ψ = {h} be the family of sets defined as follows:
h=
⋃
{pγ : γ ∈ τ, pγ ∈ ϕ′γ }.
Also, let ψ ′ = {hα: α ∈ 2τ }, where every hα is on of the sets h ∈ ψ and |{α: hα = h}| = 2τ
for every h ∈ ψ .
Put
M3 =
{
a′′αβ : α ∈ 2τ , β ∈ τ
}
,
where a′′αβ = aˆαβ ∩ hα .
The matrix M3 has the following properties:
(43) M3 is an independent 2τ -τ matrix on τ ;
(53)
⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩Φ3, where A′′α =⋃{A′′αβ = [a′′αβ]βτ ∩ τ ∗: β ∈ τ } and
Φ3 =
[⋃
{Fγ : γ ∈ τ }
]
τ∗
.
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4.4. An independent matrix M4
For every uγ (γ ∈ τ ) let Fγ ⊆Uγ = [uγ ]βτ ∩τ ∗ be a finite set, |Fγ | = n. For each γ ∈ τ
we can choose n ∈ ω such that every bj ∈B is the set of γ ∈ τ for which n> j .
Fix µ= {W }—a system of disjoint clopen neighborhoods of points of Fγ in Uγ , and for
everyW ∈ µ fix a set w ⊆ uγ such that W = [w]βτ ∩ τ ∗ and let µ′ = {w}.
Let ϕγ = {v = uγ \ w: w ∈ µ′}. Add to ϕγ all subsets of uγ whose closures in βτ
contain Fγ . As a result, we get a family ϕ′γ = {pγ }.
Let ψ = {h} be the family of sets defined in the following way:
h=
⋃{
pγ : γ ∈ τ, pγ ∈ ϕ′γ
}
.
Note that
(14) if Eγ ⊆ Uγ is a set consisting of one point then there is pγ ∈ ϕ′γ such that
Eγ ∩ [pγ ]βτ = ∅.
Let ψ ′ = {hα : α ∈ 2τ }, where every hα is one of the sets h ∈ ψ and |{α: hα = h}| = 2τ
for every h ∈ ψ . Put
M4 =
{
a′′αβ : α ∈ 2τ , β ∈ τ
}
,
where a′′αβ = aˆαβ ∩ hα .
The matrix M4 has the following properties:
(24) M4 is an independent 2τ -τ matrix on τ ;
(34)
⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩Φ4, where A′′α =⋃{A′′αβ = [a′′αβ]βτ ∩ τ ∗: β ∈ τ } and
Φ4 =
[⋃
{Fγ : γ ∈ τ }
]
τ∗
.
4.5. An independent matrix M5
For every γ ∈ τ fix a point xγ ∈ Uγ = [uγ ]βτ ∩ τ ∗. Let Fγ = {xγ } and let ϕγ = {vγ } be
the system of all subsets of uγ which are members of the ultrafilter xγ . Let ψ = {h} be the
family of sets defined as follows:
h=
⋃{
vγ : γ ∈ τ}.
Let ψ ′ = {hα : α ∈ 2τ }, where every hα is one of the sets h ∈ ψ and |{α: hα = h}| = 2τ
for every h ∈ ψ . Put
M5 =
{
a′′αβ : α ∈ 2τ , β ∈ τ
}
,
where a′′αβ = aˆαβ ∩ hα .
The matrix M5 has the following properties:
(15) M5 is an independent 2τ -τ matrix on τ ;
(25)
⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩Φ5, where A′′α =⋃{A′′αβ = [a′′αβ]βτ ∩ τ ∗: β ∈ τ } and
Φ5 =
[⋃
{Fγ : γ ∈ τ }
]
τ∗
.
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5. Proof of Theorem 3.1
For a construction of pairwise incomparable points we use Theorem 2.5. We have only
to choose a suitable independent matrix.
First we prove (1). Let us consider the matrix M1 = {a′′αβ : α ∈ 2τ , β ∈ τ }. By
Theorem 2.5 for M1, there are 2τ pairwise incomparable matrix points in U(τ). Let ξ
be one of those points. Since M1 is an independent 2τ -τ matrix and τ > ω, ξ is a weak
p-point.
By (41) we have ξ ∈ ⋂{[A′′α]τ∗ : α ∈ 2τ } ⊆Mτ ∩ Φ1, where Φ1 = (⋂{[hα]βτ : α ∈
2τ })∩ τ ∗.
Let
⋃{Eγ : γ ∈ τ } be a set such that Eγ ⊆ Uγ , c(Eγ ) 6 ω (γ ∈ τ ). By (21), for
every set Eγ there is a vγ ∈ ϕγ such that Eγ ∩ V γ = ∅, where V γ = [vγ ]βτ ∩ τ ∗. For
h=⋃{vγ : γ ∈ τ } we have
[h]βτ ∩
[ ⋃
{Eγ : γ ∈ τ }
]
βτ
= ∅.
Therefore[⋃
{Eγ : γ ∈ τ }
]
βτ
∩Φ1 = ∅,
and
ξ /∈
[⋃
{Eγ : γ ∈ τ }
]
βτ
.
The proof of (2)–(5) is practically the same.
Let us consider a matrix Mi for i = 2,3,4,5. By Theorem 2.5, there are 2τ pairwise
incomparable matrix points in U(τ). Let ξ be one of those points. Since Mi is an
independent 2τ -τ matrix and τ > ω, ξ is a weak p-point.
By (52), (53), (34) or (25) we have
ξ ∈Mτ ∩Φi,
where
Φi =
[ ⋃
{Fγ : γ ∈ τ }
]
τ∗
for i = 2,3,4,5. Here the set Fγ (γ ∈ τ ) is:
– a set with countable Souslin number for i = 2;
– a countable set for i = 3;
– a finite set for i = 4;
– a set consisting of one point for i = 5.
By the construction of Mi for i = 2,3,4 we have
ξ /∈
[⋃
{Eγ : γ ∈ 2τ }
]
βτ
if Eγ ⊆Uγ (γ ∈ τ ) is:
– a countable set for i = 2 (see (32));
– a finite set for i = 3 (see (33));
– a set consisting of one point for i = 4 (see (14)).
So, Theorem 3.1 is proved. 2
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